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|S(�;=A�A�;�������?'/>;=&E��;=��G�?��3�u;J���3����),+���K�+ &F( + � tu?F��? � K�&';J����),2�A�/1��?'+ A + $u?'A!��;=$ ����&lij��;5n�;=2�A�;
tu?F��? � K�&';J�=6l	X��
#��
�	�� � �*ijt�����;=A �d�E
¡��
V	��!�>­hi g~¹>���<?FA�$ ;JA�m76E�}����/´���:�<;=���>��?'/�;J��m<

!u?�%¡;=$��EA�(�;=����;J({�:����?FA�(�;�+ � ),I &'$ ;JA�(�;

"´P$#\Z¨W�UXW,Y¡Z&%�'�(�)�*,+
f -/.0-/1324-657.98:1 + -<;>=4?@1BAC; *ED 1 F@G [a, b]

D 5 a = x0 < x1 < · · · <
xn = b

D 5
H )�*,+

s = lim
max |∆xi|→0

n−1∑

i=0

f(ψi)∆xi

-/A +I*,+ ;J-/.K-/.4LMH )7D . ψi ∈ [xi, xi+1]
D 5 ∆xi = xi + 1 − xi L
AONQPSR�-/. )�* f T * -/U
NV1B1�W* 1�;J-657.9N�24-<P D 5 + A�. *X) -/.<Y
S =

∫ b

a

f(x) dx

� A A�IE(�G ;JA�(�?F$N+ $��<?F&'�����<vw/1/�;J&'?F$�%¡;J��?'A�$�;=&'��; ),+ �=6��>��?'A!��;=$ ����&';�� ∫ b

a
f(x) dx

;J/E��?'�k�<;=��;=�
;=���>�.),I�&'$ ;JA�(�;�$ ��vwA���;�G�vw��(�?';J�0;J/1��?'�k�<;J��;=�Jz

s1 = lim
max |∆xi|→0

n−1∑

i=0

mi∆xi

+�$
s2 = lim

max |∆xi|→0

n−1∑

i=0

Mi∆xi,

K!G + �
mi = infx∈[xi,xi+1] f(x)

+ $
Mi = supx∈[xi,xi+1]

f(x)

#|w%�;J/1�<ve)��<;JA�(�;x)���&'(hK3���.GE?

s1 = s2 =
∫ b

a
f(x) dx
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b�GE?F�

f
;J��/>+ A!�<?FAE2�;=�����3�

[a; b]
+ $

F (x) =
∫
f(x)dx

;=� ∫ b

a
f(x)dx = F (b) − F (a)



b�GE?F�

f(x) ≤ g(x)
),+ �

x ∈ [a; b]
;=� ∫ b

a
f(x)dx ≤

∫ b

a
g(x)dx


�D��¡; � ?';=&p��;=� ∣∣∣
∫ b

a
f(x)dx

∣∣∣ ≤
∫ b

a
|f(x)|dx 


�S��( ),2�A�/!��?'+ A�;JA
f
G>vw��; (�; 
3A�;J��;J�u�3�

[a;∞[
+ $*/�+�A1��?'A12�;J���u?¨;J��K!G ;=�k��?'A!��;=��G>��&¨�>)

�}�E��;JA
[a;A]

6�i
A > a

m7
3b�GE?'�.GE?�(�;#
3A�;=��;J�
∫ +∞

a

f(x)dx = lim
A→+∞

∫ A

a

f(x)dx

/:��&'(�;=�wGE?
f
;J��2�;=$�;=A!�<&F?'$��.?FA!�<;=$��<��&�),+ �w),2�A�/!�<?F+ A�;JA

f
?�?'A!��;=��G>��&F&';��

[a;∞[
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�A�(�;=�J6V��?F$ ;=��GE?��>��?FA!�<;=$��<��&F;J�0;=�u/>+ A!G ;=��$ ;=A!�=
 � &F&';J���N;J�u(�;���(�?p4
G ;J��$ ;JA!�L


®



tu;J��$ vw&'(�;J�=6#�>�
∣∣∣∣
∫ +∞

a

f(x)dx

∣∣∣∣ ≤
∫ +∞

a

|f(x)|dx.
b�GE?F��?FA!�<;=$��<��&F;J� ∫ +∞

a
|f(x)|dx ;=��/>+ A!G ;=��$ ;=A!�=6l��?F$ ;=�.GE?¨�>��?'A!��;=$ ����&';�� ∫ +∞

a
f(x)dx

;J�
��%���+ &'2���/�+ A!G ;J��$ ;JA!�L

b�GE?F�w?'A!�<;J$ �<�>&';J� ∫ +∞

a
|f(x)|dx ;=�w(�?pG ;J��$ ;JA1�=6�+ $ ∫ +∞

a
f(x)dx

;=�§/�+ A!G�;=��$�;=A!�L63��?'$ ;J�§GE?
�>� ∫ +∞

a
f(x)dx

;J��%�;��<?'A�$ ;J��/>+ A!G ;=��$ ;=A!�=


!u?VGE?'&lAE2dGE?'��;~),I�&'$ ;JA�(�;��<ve��A�?'A�$�z
��� ULZ�W,Z¨]�� '�� * . *�� P -<; + =4?@1BAC; *ED 1

χ(x) = lim
m→+∞

( lim
n→+∞

cosn(π ·m! · x))

-/. R *,+ A D 1�; * 1B? -/. ; * -<; H ) -/. ; F�?@1BAC;
	
� - )�*,+ 	 !u?\��ve����;=�

am(x) = limn→+∞ cosn(π ·m! · x) 
��S��( x = p

q

6�i
p ∈ Z

6
q ∈ N

m<

t��

m→ +∞ />�>AhGE?�%¡;J�<����$���;
m > q + 2

+ $ GE?V)����

cosn(π ·m! · x) = cosn(π ·m! · p

q
) = cosn(π · 1 · 2 · . . . · q(q+ 1)(q+ 2) · . . . ·m · p

q
)

= cosn((q + 1)(q + 2)[1 · 2 · . . . · (q− 1)(q + 3) · . . . ·m · p] · π) = cosn(2kπ) = 1,

K!G + �
k ∈ N


¡D�� ;=�

χ(x) = lim
m→+∞

am(x) = lim
m→+∞

( lim
n→+∞

1) = 1.

b�GE?'�
x
;J��;��N?F�����>�<?F+ A3��&p�e�7�>&�;=�

m! · x ?'���<�>��?'+ A3�>&F�e),+���;JA�K!G ;J�NG>vw��(�?¨�>)
m

¡tN;=��),+��

/:��A
m! · x ?F/E/>; G>vw��; ;���A3�>��2���&F?'$����<��& 6#�<� | cos(π ·m! · x)| < 1


¡tu;J��),+ �u;J�
am(x) =

limn→+∞ cosn(π ·m! ·x) = 0
6�(�GE�

χ(x) = limm→+∞ am(x) = limm→+∞ 0 = 0

 -0&F���<�

;=�
χ(x) =

{
1, x ∈ Q

0, x /∈ Q
�S��(dA12

b
G>vw��;�;J�.GE?F&'/:����&F?'$�� ��;=;=&p�.�7��&j
�D�� 
�A�(�;=��;JAd),I�&'$ ;N�>)¨�<�>��?'+ A3�>&';0�<��&

(xn)
+�$ ;=A

),I &F$ ;��>)�?'���<�>��?'+ A3�>&';0�<��&
(yn)

�<�
limn→+∞ xn = limn→+∞ yn = b



«02hK3���wGE?

lim
n→+∞

χ(xn) = lim
n→+∞

1 = 1 og lim
n→+∞

χ(yn) = lim
n→+∞

0 = 0.

tu;J��),+ � 
3A�(�;=�
limx→b χ(x)

?'/1/�;~+ $ ),2�A�/!��?'+ A�;JA
χ
;=��(�?'��/�+ A!��?'A12�;=�k��?V��2�A�/!��;J�

b
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χ(x) =

{
1, x ∈ Q

0, x /∈ Q

-/. * A�A7- * 1�;J-657.9N�24-<P * * 1�; -/. ) NQPXP -<; [0; 1] 	

�



� - )�*,+ 	 �¨�>( 0 < x0 < x1 < . . . < xn = 1
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ψi ∈ [xi; xi+1]
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i = 0, 1, 2, . . . , n − 1�<� GE?V)����

s1 =

n−1∑

i=0

χ(ψi)∆xi =

n−1∑

i=0

0 · ∆xi = 0.
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ψi ∈ [xi; xi+1]
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i = 0, 1, 2, . . . , n− 1
�<� G�?V)��>�

s2 =
n−1∑

i=0

χ(ψi)∆xi =
n−1∑

i=0

1 · ∆xi =
n−1∑

i=0

(xi+1 − xi) = xn − x0 = 1 − 0 = 1.
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max |∆xi|→0
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i=0

χ(ψi)∆xi

?'/1/>; 
�A�(�;=�J

��� ULZ�W,Z¨]�� '�� * . *�� H�P -<; +�* 1�; -657. NQP

I =

∫ +∞

0

sin x

x
dx
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I =

∫ +∞

0

sin x

x
dx =

∫ π
2

0

sin x

x
dx+

∫ +∞

π
2

sin x

x
dx.

i�	:m

|}(�;��
sin x ≤ x
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x ∈ [0; π

2
]
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limx→0+0
sinx

x
= 1

;=� ∣∣ sin x
x

∣∣ ≤ 1
+�$

∣∣∣∣∣

∫ π
2

0

sin x

x
dx

∣∣∣∣∣ ≤
∫ π

2

0

∣∣∣∣
sin x

x

∣∣∣∣ dx ≤
∫ π

2

0

1dx =
π

2
.

tu;J��),+ ��;=�.),2�A�/1��?'+ A�;=A
f(x) =

{
sin x

x
, 0 < x ≤ π
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1, x = 0
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I1 =

∫ π
2

0

sin x

x
dx
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I2 =

∫ +∞

π
2

sin x

x
dx = lim

A→+∞

∫ A

π
2

sin x

x
dx = lim

A→+∞

[
−cos x

x

∣∣∣∣
A

π
2

−
∫ A

π
2

cos x

x2
dx

]

= 0 −
∫ +∞

π
2

cos x

x2
dx = −

∫ +∞

π
2

cos x

x2
dx.
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∫ +∞

π
2

cos x

x2
dx

∣∣∣∣∣ ≤
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π
2

| cos x|
x2

dx ≤
∫ +∞

π
2

dx

x2
=

(
−1

x

) ∣∣∣∣
+∞

π
2

=
2

π
− lim

x→+∞

1

x
=

2

π
.
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I =

∫ +∞

0

∣∣∣∣
sin x

x

∣∣∣∣dx =

∫ π
2

0

sin x

x
dx +

∫ +∞

π
2

| sinx|
x

dx.
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t�� | sinx| ≤ 1
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x > 0
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1 − cos 2x

2x
=

sin2 x

x
≤ | sin x|

x
,
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∫ +∞

π
2

1 − cos 2x

2x
dx ≤

∫ +∞

π
2

| sin x|
x

dx
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I1 =

∫ +∞

π
2

1 − cos 2x

2x
dx =

∫ +∞

π
2

dx

2x
−

∫ +∞

π
2

cos 2x

2x
dx

= lim
A→+∞

∫ A

π
2

dx

2x
−1

2

∫ +∞

π
2

cos 2x

x
dx = lim

A→+∞

(
1

2
lnA− 1

2
ln
π

2

)
−1

2

∫ +∞

π
2

cos 2x

x
dx

=
1

2
lim

A→+∞
lnA− 1

2

[
ln
π

2
+

∫ +∞

π
2

cos 2x

x
dx

]
.
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π
2

cos 2x

x
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lim
A→+∞

∫ A

π
2

1 − cos 2x

2x
dx = +∞.
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∫ +∞

π
2

| sin x|
x

dx
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∣∣ sinx
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0
sinx

x
dx
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∣∣ sinx
x

∣∣ dx
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Cn = F({1, 2, . . . , n}) 
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x = u∗du
6
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u
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d = diag{λ1, . . . , λn}
;J�w;=A´(�?f��$ +�A3��&'���>����?p»�
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∑
λkpk

6CK1G�+ �
λi 6= λj
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i 6= j

6C+ $rK1G�+ �
;=$�;=A!G>vw��(�?F����+:n�;J/!�<?'+�A�;=��A�;

pk

2�(�$ I�� ;=A�+ ����+ $ + A3�>&C)��>��?F&'?'; ��;J( ∑
pk = 1
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I
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λk

m
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f(x) = u∗ diag{f(λ1), . . . , f(λn)}u =
∑

f(λk)pk.
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f
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αo + α1t+ · · ·+ αmt
m

G�?F&
f(x) = αo1 + α1x+ · · ·+ αmx

m
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f(x)
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f → f(x)
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λ1, . . . , λn
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x → f(x)
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f
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x
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IK!G + �
f
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��;=&FG1),I &F$ ;=&F?'$
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f
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x
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f
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F : (Mn(C))sa → (Mn(C))sa
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F (x) = f(x)
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F
+ ��)��E&F(�;=�.(�;���+y%¡;J��?'A�$�;=&'��;=�Jz

i�	:m
F (u∗xu) = u∗F (x)u

K!G�?F�
u
;=��2�A�?F�7vw�J�

i��!m
xy = 0

��;J(�),I ��;=���>�
F (x)F (y) = 0

�<�>� ���>�
F (x + y) = F (x) + F (y)
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x→ f(x)
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f
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dfx(h) = lim ε−1(f(x + εh) − f(x)).
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tm;=�
dfx(h) =

∑m

k=1 x
k−1hxm−k
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b�GE?F�
f(t) = exp(t)

;=�
dfx(h) =

∫ 1

0
exp(sx)h exp((1 − s)x) ds
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"3+ 2���?';=�k�<����A���),+����y;=��;J(�;�6
f(s) =

∫ ∞

−∞
exp(ist)f̂(t) dt

6V$ ?pG ;=�~(�;�����;y;JA ?'A!�<;J$ �<��&p),+ ���y;=&
),+ ��(�? "�;=��;JA!�<?f�>&';J�=6:GE? Z�


dfx(h) =
∫ ∞

−∞

∫ 1

0
exp(istx)h exp(i(1−s)tx)itf̂ (t) ds dt
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1/t
),+��

t > 0
6�+ $´(�; (�;J���y;=( %¡;=��&'vw$��<;J(�; ),2�A�/!��?'+ A�;J�

fα(t) = t/(1 + αt)
),+ � −1 ≤

α ≤ 1
63�>&'&';N(�;#
3A�;=��;J(�;~),+ � −1 < t < 1
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d invx(h) = −x−1hx−1 + $
d(fα)x(h) = (1 + αx)−1h(1 + αx)−1.
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x → f(x)
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x ≤ y
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f(x) ≤ f(y)
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ξ
?

Cn
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(f(x)ξ|ξ) ≤
(f(y)ξ|ξ) 
.b0��A /:��&F(��<; �<�>(3��A�A�;r),2�A�/!�<?F+ A�;=�d),+ � U
NQ; . *�� W U D 1 D ; D 1 - i����<��;=A�$>� �7�>$ ;J�
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X��¹Xº�A�;=�¨%�;��<����$��<;J(�;C��;J�3���<�:�¨),2�A�/!�<?'+�A�;=�S(�;J�
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n
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Mn(C)
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n
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¡��?'$�;=��+�� "3;=A � K�;=&S%�&';�G´��¹�º�A�;J�.��GE2�A�$ ;��
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��+��¸;JA K�I�nk�NG>vw��(��<�>�~����+�),;J����+��NG ;J(�D1�7��A�),+���( M�A�?FG�;=����?F�}�{��;J(9���¡; � ?f��&F; ?�/�+ �y��&'; »�;
),2�A�/!��?'+ A�;J�:�´A12h��+ � ceK3����&F;=����+�;�º�A�;=�J
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�<?F+ A�;JA

t→ t2
;=� * A�A7- ���>�<��?p»14}�y+ A�+���+ Ahij(�;��w;J�e&';��w�:��
3A�(�;N;J�e��+E(�; »�;J���¡;=&���&F&';=��;=(�;

),+ �
2 × 2− ���>�<��? � ;=��m<6��y;=Ad),2�A�/!�<?F+ A�;JA

t→
√
t -/. ���>�<��?p»14}�y+ A�+���+ AV
E8 ;J��;x$ ;=A�;J��;J&F�Lz

"32�A�/!�<?F+ A�;J��A�;
t→ tα

;=�����:�<��?B»14}�y+ A�+���+ A�;�),+ �
0 ≤ α ≤ 1

6��y;=Ah��&'(���?'$ ),+��
α > 1
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f
� + ��;JA�( (�;�����; ?'/1/>;9;=��&';J���>����;9A���������A &'vw��;J�*���k�<?'/1&F;=A ?0(3�>$�
e"3+ ���>��?'A�(���;

K!G + �k),+ �\(�;J����;e;J��;JA $ +E( �����<�>��;=$ ?E%¡;=��vw��/�;J�\����A��>�\(�? "�;=��;JA!�<?f�>&';J�¨+ ��)���&F(�;=����A3�>&F�E��;JA��
),2�A�(�����;JA!�7��&F�<ve�<A�?'A�$

f(x+ h) − f(x) =

∫ 1

0

dfx+th(h) dt.
i�®�m


 tu;=�¨;=�S��+�� �<vw(�G>��A�&'?'$�;JA��y;=��; $�;=A�;J��;=& G�;=����?'+�A
f(x+h)−f(x) =

∫ 1

0
dfF (t)(F

′(t)) dt
6

K!G + �
F (t)

;=� ;=A�$ &f�>�C/12��kG ;u(�;=�C),+ ��%�?FA�(�;J�
x
��;J(

x+h
61�y;=A�K�;=�C)���� G�?#/12�A*%���2�$x),+ �

(�;JA´��;J���<;u&F?'A�?F;
F (t) = x+ th

?'�y;=&F&';=� (�;=�h6�K!GE?'�e(�? "�;=��;=A!�<?'��&'/!G +>�<?';JA!�eA3�:�<2���&'?'$>G�?F�C;=�
F ′(t) = h
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(�;JA��\+ �¡;=���>�<+���(�? "l;J��;=A!��?f��& ;J�S;=A �¡+ ��?F�<?pG�+ �¡;=���>�<+ �J6X��&p�<�<���>),%�?F&'(�;J����+���?F��?FG�;C��?'&pG�vw/1�k�<;=�

h?1��+���?F��?FG�;§%�?F&'&F;=(�;J�
dfx(h)

),+ �¨;J��K!G ;=�k�
x
?1(�;#
�A�?F��?'+ A���+ �y�<��(�;��L
Xtu;���;J�\(3��;J���3vwA!� ��G>���Jz

	 ?@1BAC; *ED 1 -/1�-/. U D 1 D ; D 1�; )7D A + -/1>R�- 1>GV. R�-/1 + R *�
 -/.9-/1�; * NQP -/. F DO+I* ; *X) ; 
��C��+ %�&';=�y;J��;J�
%3����;x�>��(�? "�;=��;=A!�<?'��&';��.?'/1/>;x;J���<�
&';J�.�>��%�;J��;=$�A�;�63��;x%�&'+����3� ; »�;J����&';=��A�;~+XG ;=A�),+ �=

!C;=( �>�
��;=$ A�;´���9���>����? � ;=��A�;�)���A�(��
��¹Xº�A�;=�y�>� K!GE?'�

x = diag{λ1, . . . , λn}
+ $

h = (hij)
���{;=�

dfx(h) = Dfx ? h

�b0;J� ;J� (�;JA ���E�y��;��<��?F��/>;
����� 1 -/. W U
NQ; . *�� Dfx$ ?pG ;J� G�;=(

(Dfx)ij = (f(λj)−f(λi))/(λj −λi)
6�K1G�+ �C(�;=A�A�;�/1G�+��<?F;=A!�C��/:��&�+�G�;=���<ve����;=�

G ;J(
f ′(λi)

K!GE?'�
λi = λj

ij��&F���<�����¡; � ?F;=&p�\K!GE?'� i = j
m76:+ $

?
��;J),;=��;=��;=�\��?'&�� � H$?@. F�. D RV? AC;J-<;�>)¨���>�<��? � ;J��A�;>6��>&F�<��� (Dfx ? h)ij = (Dfx)ijhij


�«�2dGE?F(�;=�.(�;����>��D � KE2�������+E(�2�/!�<;����>)
�¡+ ��?p�<?FG1��(�; 
3A�?F���<;x���:�<��? � ;J��?F$ ;=Ah$ ?pG ;=��;=A ��+ ��?F��?FG´(�; 
3A�?p�N���>�<��?p»�63�<�y?F),I &F$ ;�+XG ;JA����<�:4
;=A�(�;�;J������+ %�&F;=�y;J�~��;=(�2 � ;=��;J� ��?'&C�>)§%¡;=����;=�y��;y(�; ),2�A�/!��?'+ A�;J��K!GE?'�x��¹Xº�A�;=�����:�<��?B»

	 	



�{(�;J� n�+´;=�u;JA ��2�(���?'$´%�&'��A�(�?FA�$*�>) (�? "l;J��;JA��k4�+�$*(�? "�;=��;=A!�<?'��&'/!G�+��<?F;=A!�<;J� �{;=�N��+ ��?F��?FG
(�; 
3A�?F�=
3tu;J���<;~/�+����<;J�N��¹Xº�A�;J��%�&'+E(V6���G�;=({+ $ �7����;=�=


|}��?F(�&';J����?'( ��;J��GE?e�:)xi �Emu�>��;=A�K!G ;J� ),2�A�/!��?'+ A
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|x������?'/1&';JA 
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n�;J$ g~2��k�7�LG ;´ceK�+��12�;�� \ � /�+ AE4
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!u? %¡;=��vw��/>;=(�;y),I ���k���>�x��vwA�$�(�;=A

K
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f
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G>��&'&F;J�
]− 1, 1[

6�A�+ ������&'?F��;J��;J�§�<�>&';=(�;=�.�>�
f(0) = 0

+ $
f ′(0) = 1

6�2�(�$ I �w;JA´/�+ A!G ; »d+ $
/�+����3�>/1�\��vwA�$ (�;ui�2�A�(�;J�\��?'�y��;J&E��2�A�/!��GE?'��/�+ A!G�;=��$�;=A�� m7
Q!u?!)���A�(���(�;J��;�)��<;=��(�;e; »E�<��; 4
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K
6���+ � GE?F���<; ��?'$�A�;J��+ � �>�0G�vw��; ),2�A�/!�<?F+ A�;J��A�; {fα | −1 ≤ α ≤ 1}),�<�ri �Em<
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K
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;�»E����;=����&F��2�A�/!�<;J��A�;>6#��&F���<�

f(t) =

∫ 1

−1

fα(t) dµ(α) =

∫ 1

−1

t(1 + αt)−1 dµ(α)
i �1m
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µ
�3�

[−1, 1]
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�y+ A�+���+ A�;.),2�A�/!�<?F+ A�;J� ���
]−1, 1[
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z → i(1 − z)/(1 + z)
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),2�A�/!��?'+ A´�:�eG>vw��;u���>����?p»14���+ A�+��<+ Al
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6¡(�;JA ��/:��&\+�$ �<��(�;=�N+���)��E&'(�; �>�
Arg(f̃(z)) ≤ Arg(z)
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f(λx + (1 − λ)y) ≤
λf(x) + (1 − λ)f(y)

),+ ��GE?'&F/>�>��&'?F$ ; �k�E���y;J����?'��/�;y���:�<��? � ;J� x + $
y
6�+�$

0 ≤ λ ≤ 1
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f(t) = βo + β1t + β2

∫ 1

0

t2(1 + αt)−1 dµ(α)
ijªEm

),+ �x;J� �<��A�(����EA�&'?F$ K�;J(�������&
µ

+ $
β2 ≥ 0
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f(0) = 0
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K!GE?'�
f(t) = tg(t)
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K!GE?'�

f
;=�.;JAh/>+ A!G ; »d),2�A�/!�<?F+ Ad�<� GE?'&

f(
∫

T
g(t) dµ(t)) ≤

∫
T
f(g(t)) dµ(t)

),+ �w;J��K!G ;=�k�
�<�>A�(����EA�&F?'$ K�;=(�������&

µ
��� ;J�e����&F��2��

T
+�$ ;=A�K!G�;=�w?FA1��;=$ ����%¡;=&#),2�A�/!�<?F+ A
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���

T
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µ
;J��;����<vw&'&F;=����&�)����~GE?C(�;=A �y;=��;
/�;=A�(��<;�G�;=����?'+�A

f(
∑m

k=1 λktk) ≤
∑m

k=1 λkf(tk)
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k=1 a
∗
kak = 1)����.����A�� -/1 + -/1 + D F�-/. NQ; D .I?@P * 57H@-KR ),+��.���>����?B»E4�/�+ A!G�;�»�;�),2�A�/!�<?F+ A�;=�Jz

f(

m∑

k=1

a∗kxkak) ≤
m∑

k=1

a∗kf(xk)ak.
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x → Tr(f(x))
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Tr(x) =
∑n

j=1(xξj|ξj)
6�A3��� {ξj} ;=�x;=A +����<+�A�+ ������&�%�����?F�~),+��

Cn
6S��;�)f»�
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Tr(xy) = Tr(yx)
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x ≤ y
�y;=(�),I���;=���:�

Tr(f(x)) ≤ Tr(f(y))
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f
;=�.;JA /�+�A1G�;�»h),2�A�/1��?'+ A i�?V�<vw(�G>��A�&'?'$ ),+ �����<��A�(�m ���
GE?'&

Tr(f(λx+ (1 − λ)y)) ≤ Tr(λf(x) + (1 − λ)f(y))
ij­Em

),+ �wGE?'&F/:����&F?'$ ;����E�y��;��<��?F��/>;x���>����? � ;=� x + $
y
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k=1 a
∗
kak = 1




	X�



��_�ZSTVUXW,Y#Z¨P1^*R�����P!^>P ��R�^:W,R�����P 8 ��A{��/:��&�?'/1/�;~�<��+y�>��;=�yA�;J��K�;J���y;=(h;=��2�(���I � �L

"3+ �xA�+ $ &F;����x��?F(�;=A 
3/ "#����A�/ bN�>A���;JA (�;=Ar�7��A�/>;´�>��2�A�(�;J����I $ ;*���>�<��?p»14}/>+ A!G ; »�?p�<;��
),+ �~),2�A�/!�<?F+ A�;J� �>)e�3;=��;�G>����?'��%�&F;�
�tu;�� ),I �����<;0� + ${?§I>G���?'$��~G�;=&'/>;=A�(��<;
� ����+ %�&F;=� ;J�
�>� 
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),2�A�/!��?'+ A�;JA

f
�y;=( �k���y�y;J�<��?'��/�;����>����? � ;=�J
 � ;JA &'I ��A�?'A�$ ;=� �>� %¡;J���<��$���;����>�<��? � ;=�x?

;J�0�<;JA���+ ������+E(�2�/!�=zlb�G�?F�
f
;=�0;=Ah),2�A�/!�<?F+ A9�>)

n
��;=;=&F&';~G>����?'��%�&';>6�+ $

xi ∈ Mmi
(C)

),+��
1 ≤ i ≤ n

6�(�;#
3A�;J��;J�
f(x1, . . . , xn)

��+ � ;J��;J&';J��;JA1��?
Mm(C)

6�K!G + �
m = m1 · · ·mn
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xi =
∑mi

ki=1 λki
pki

;=�y;=A (�?f��$�+ A3��&p),��;=�y����?'&F&'?'A�$d),+��
xi

6C�<��&F;=(�;J���>�
pki

\ ;=��A�;{;J�
;=$�;=A!G>vw��(�?F����+:n�;J/!�<?'+�A�;=��A�;�6#�<ve���<;J�

f(x1, . . . , xn) =

n∑

i=1

mi∑

ki=1

f(λk1
, . . . λkn

) pk1
⊗ · · · ⊗ pkn

.
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f → f(x1, . . . xn)
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x1, . . . , xn
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?'A�(h?
(Mm(C))sa
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∑
λki
pki
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f(x1, . . . , xn) =
∑
f(λk1

, . . . λkn
) pk1

· · · pkn
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g(s, t) = f(s+ it)
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f(λx1+(1−λ)y1, . . . , λxn+(1−λ)yn) ≤ λf(x1, . . . , xn)+(1−λ)f(y1, . . . yn)
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f(t1, . . . , tn) = −
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1 + · · · + t−1

n
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f(t1, . . . , tn) = −tα1

1 · · · tαn

n
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sin(x), cos(x) ∈ Q L )�* P sin(nx), cos(nx) ∈ Q = D . NQPXP - n ∈ N 	

� - )�*,+ 	 Q[i]
;J�0&F2�/1/�;J�02�A�(�;=��� 2�&F��?'��&F?'/:�>��?'+ AV61(�;J��),+ ��+ $��<�
2�A�(�;J�0K�;J&F�<��&'&F?'$ �¡+��<;JA���+���4

&'I>)��<A�?FA�$�
�|}(�;��
sin(x), cos(x) ∈ Q

;=�
eix ∈ Q[i]

+ $r(�;=�k),+ ��+�$ �<�
(eix)n = einx =

cos(nx) + i sin(nx) ∈ Q[i]
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4
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A = 18
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