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
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∏
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1
x+j

−n ∈ N, x 6∈ {1, 2, · · · ,−n}
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(

(
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)
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(
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x
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[x]k
[k]k
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(−1)k−1

(

x

k

)

Hkδk = (−1)k

((

x − 1

k − 1

)

Hk −
1

x

(

x − 1

k

))

pr�8�/*/>�%
��A���"�A��v&(���B7v#q����7v�8%6��;q>���7	;$ �#q���I��� � ;q��>,�.�8>}AB��7 %
;qCI;<AB�����!{ � ¬ � *�>�%����+79 �>
AB��7 &(���B7v#q���B>���z
� ¬�� zx��"vz���¬�� ¬

2n
∑

k=1

(−1)k−1
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k

)
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Hk =
n

2(n + 1)2
+

1

2n + 2
H2n
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∑

k=1

(−1)k−1

(

2n − 1

k

)

−1

Hk =
2n

2n + 1
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∑

(−1)k

(

x

k

)

−1

Hkδk =
(−1)kk

x + 2

(

x

k − 1

)

−1(
1

x + 2
− Hk
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∑ [x]k
[y]k

H
(1)
−x−1,kδk =

1

x − y − 1

[x]k
[y]k−1

(

H
(1)
−x−1,k +

1

x − y − 1

) g�{.� i
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x − y − 1 6= 0
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∑

k=1

(−1)k

(

n

k

)(

n + k − 1

k

)

Hk =
(−1)n

n
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∑

k=0

(

x

k

)(

y

n − k

)

=

(

x + y

n
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∑

k=0

(
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k

)

[x]k[y]n−k = [x + y]n
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∑

f(k)∆kg(k)δk = f(k)g(k) −
∑

g(k + 1)∆kf(k)δk
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∑b

a
f(k)∆kg(k)δk = f(b)g(b) − f(a)g(a) −
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a
g(k + 1)∆kf(k)δk
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n
∑

k=1

(

n

k

)

[−x]k[x]n−kHk = (−1)n(n − 1)! − 1

n
[x − 1]n
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n

k

)

[−x]k[x]n−k = ∆k

(

n − 1

k − 1
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− [x]n −
n
∑

k=1

(

n − 1

k

)

[−x − 1]k[x]n−k

1

k + 1

= −[x]n +
1

n

n
∑

k=1

(

n

k + 1

)

[−x]k+1[x − 1]n−k−1
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−[x]n +
1

n
([−1]n − n(−x)[x − 1]n−1 − [x − 1]n) = (−1)n(n − 1)! − 1

n
[x − 1]n

pr�8��;q7v�I%c���*%��8>6 �>/ 0#<��"��K&(����7	��#´&(���� �>�%��8>}���B%���>
AFG� ���7	��>�;qA����r�. �#T�.�B;qCI;<�8#hw

∑

(

x

k

)(−x

k

)

H
(2)
0,kδk =

(

x − 1

k − 1

)(−x − 1

k − 1

)

H
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0,k +

1

x2

(

x − 1

k

)(−x − 1

k
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k

)(−n
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)
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∑

k=0

(

n

k

)

[x]k[y + n]n−kH
(1)
y,k = [x + y + n]n

(

H(1)
y,n − H

(1)
x+y,n
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y + 1
= (x + y + 1)
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1

y + 1
− 1

x + y + 1
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n

k

)
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n−1
∑

k=0

(

n − 1

k

)

[x]k[y + n]n−kH
(1)
y,k

(2) =

n
∑

k=1

(

n − 1

k − 1

)

[x]k[y + n]n−kH
(1)
y,k
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(1) = (y + n)S(n − 1, x, y) = (y + n)[x + y + n − 1]n−1

(

H
(1)
y,n−1 − H

(1)
x+y,n−1

)
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(2) =
n−1
∑

k=0

(

n − 1

k

)

[x]k+1[y + n]n−1−kH
(1)
y,k+1
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y,k+1 = 1
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y+1,k
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∑

k=0

(

n − 1

k

)

[x − 1]k[y + 1 + n − 1]n−1−kH
(1)
y+1,k +

x

n−1
∑

k=0

(

n − 1

k

)

[x − 1]k[y + n]n−1−k

1

y + 1

= xS(n − 1, x − 1, y + 1) +
x

y + 1
[x + y + n − 1]n−1

= x[x + y + n − 1]n−1

(

H
(1)
y+1,n−1 − H

(1)
x+y,n−1 +

1

y + 1

)

= x[x + y + n − 1]n−1

(

H
(1)
y,n−1 − H

(1)
x+y,n−1 +

1

y + n

)
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(x + y + n)[x + y + n − 1]n−1

(

H
(1)
y,n−1 − H

(1)
x+y,n−1

)

+
x

y + n
[x + y + n − 1]n−1

= [x + y + n]n

(

H
(1)
y,n−1 − H

(1)
x+y,n−1

)

+ [x + y + n]n

(

1

y + n
− 1

x + y + n

)

= [x + y + n]n

(

H(1)
y,n − H

(1)
x+y,n

)
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∑

(

H
(1)
c,k

)2

δk = (c + k)
(

H
(1)
c,k

)2

− (2(c + k) + 1)H
(1)
c,k + 2(c + k)
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∑

k=1

(

n

k

)2

Hk =

(

2n

n

)

(

Hn − H (1)
n,n

)

=

(

2n

n

)

(2Hn − H2n)
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n
∑

k=p

(

n − p

k − p

)(

x + p

k

)

Hk =

n−p
∑

k=0

(

n − p

k

)(

x + p

k + p

)

Hk+p

=

(

x + n

n

)

(

Hn + H(1)
x,p − H (1)

x,n

)

=

(

x + n

n

)

(

Hn − H
(1)
x+p,n−p

)
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f(n, x, p) =
n
∑

k=p

(

n − p

k − p

)(

x + p

k

)

Hk
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∆k(−1)k

(

x

k

)

Hk = (−1)k+1

(

x + 1

k + 1

)(

Hk+1 −
1

x + 1
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∆k(−1)k
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x

k

)

=
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(
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f(n, x, p) = −
n−1
∑

k=p

(−1)k

(

n − p − 1

k − p

)

(−1)k+1

(

x + p + 1

k + 1

)(

Hk+1 −
1

x + p + 1

)

=

n
∑

k=p+1

(

n−p−1

k−p−1

)(

x+p+1

k

)

Hk

1
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∑
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(
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1

x + p + 1

(

x + n

n

)
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∆pf(n, x, p) =
1

x + p + 1

(

x + n

n

)
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f(n, x, p) = f(n, x, n) −
(

x + n

n

) n−1
∑

k=p

1

x + k + 1

=

(

x + n

n

)

Hn −
(

x + n

n

)

H
(1)
x+p,n−p =

(

x + n

n

)

(

Hn + H(1)
x,p − H (1)

x,n

)
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H (f1(Ai), . . . , fn(Ai)) = Cµ (f1(Ai), . . . , fn(Ai)) .
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H (f1(Ai), . . . , fn(Ai)) = Cµ (f1(Ai), . . . , fn(Ai)) .
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f2(A) = 1

9:B
f3(A) = 4

Y.8Q��!Q�D4EC,"F4EB:�'6 �'!U�D4
83�')*6��'!

f2(A) < f1(A) < f3(A)
Y����D45"O�D4�WM��)%& 1 !F��)%��)O4J��2<��@<"F��� �#+ >:)A��4 6 �'!

f(1)(A) < f(2)(A) < f(3)(A)
6

8D�H9:)
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f(3)(A) = f3(A)

Y���9H)$! "F�:B'!����Q4 5:�3"F@:�*)Q��!/!F).�'��"�+-9H)F&(�*)F�
4J��2<��@<"F��� �:6<"%>'CE� 2<�*" ��!U2<��=3CJ4E�H��)T4,��1 &(��)%45"$@S) : @�@H��+B5:CEBH�'Y

y��



� ]�� ��P/O_O_U�S�U���N¡V�[�Y�]Q^?N�\ ��P/O_O_U�S�U���N������
{|%
�8��bdG���¿�-��L�B1�;<>,�.�8"��. �#q�8�_���_%�� */>����B�8��n/�F;q�����L1| �%�%�;��.;�C��?��-�7f3��: �>uCI;�7	��%��8#<#q����� n
�.sd&(���B��>�1
� �!�-�I� �H��W �\W%���"*uC���%	 0�Z����-
"���bdG��I¿�-��8�21|;<>,����"��� �#<�L��AB��7  0"�"����8"����B;<>�"�A���n����� 0�.���Q;�A. �7	7v�8>�1
ABn�;<#´7v�8%fA����: �#<%��.�	�R#��2� � * * �)� � M%����" �R# �;��� � � * * �)� � M%�u7v��#h� � ��A�-���1| �%�%�;��.;�CI�t79��#ª�ª�8A�����;�C��8�
�8>}>
��", 0��;qC9 0&(G/st>�"�;<"�G��8%c7v�8#<#<�87 ���x�I�B;q������;q���

j
 �>�%

j ′
��p+�8��CI;<#TAB;<"��03/ 0��G,CI;<A

xij

��"
xij′�
#<;qC�����7v;q>�%��B�v�L&��.���2�.�� �"��.�8%��9;?����AB#<-
��>�;<>�"�AB�4 0"����B��>�AuE3	B>��9>���� %��v��n�>/�0��A A� �7	7v�8>���>
%

>����K%
�u��n
>/����AKG,C����K&(����A�;<"
�ª5}�������.�8�I>
;<A��!w � �+7v��#����FA�-
��1° �%
%�;q��;qC��F>/����C�st"0�.��>}�.;<#q%���#��
{xij, xij′} ���*7	;<>�%
���+�8>�%cA�-�7	7	��>c 0&_%���;q>�%�;qCI;q%�-���#q#<��C0st"��.�0� « 7 C��8>�%
��A�;q"���A*�L�*7v��#T 0�C0st�B�rA�-�n����°1° �%
%�;q��;qC��H3�G,CI;<At%��L�*-�%
���B�I�����8�*��>¤n���A�;��.;qC��+ :&(G/st>�"�;q"�G���%97v�8#<#<�87 �.�u�I�B;q������;q���
j
��"

j ′
��pr�L� CI;<#½A�;q"���3Z 0� G�CI;qA C0st"��.�8>¹�.;<#q%���#�� {xij, xij′} �8�lAB��E����B�9�8>�% A�-�7	7	��>  0&�%
�

;q>�%�;�C�;q%�-��8#<#<�FC0st"��.�0�/pr�8�B�.��#<��%
���t�.;q#T%��8>}>/stA2�.��%�� *�>�;q��;<��>T�
$¤N&%ZXZU�S�U(V!X X �(�
� *

(Ai, p(Ai), µ)
M � �-����� � G G%�2� � * * �)� � M � �R# � �IWU $� *

j, j ′
M � �-� �:�UG � �)�:�2�

� ������B8�H�0*6M �>*,���-�P $� *
xij, xij′ ∈ p(Ai)

���"*
j ∪ j ′ ∈ p(Ai)

�IW
j ∩ j ′ = ∅

B��H� � �! � �\W � ���!�
M � �-�
�R#��2� � * * �)� � M ��� M ���
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4 xi1∈]2.25, 3]

5 xi1∈]3, 3.75]
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4 xi2∈]3, 4]
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6 xi3∈]12.5, 15]
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H (f1(Ai), . . . , f3(Ai)) = max
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∑
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fj(Ai) · λj, λj ∈ [0, 1] ,
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j=1

λj = 1.
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λ1 = λ2 = 0, 4
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λ3 = 0, 2
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A1 � A2, A1 � A3, A2 ∼ A3.
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Ai

H (f1(Ai), . . . , f3(Ai)) = max
Ai

Cµ (f1(Ai), . . . , f3(Ai)) .
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µ({xi1}) = µ({xi2}) = 0, 45

��"
µ({xi3}) = 0, 3
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µ({xi1, xi2}) = 0, 5, i = 1, 2, 3,
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µ({xi1}) = µ({xi2}) = 0, 35
3

µ({xi3}) = 0, 2
3
µ({xi1, xi2}) = 0, 4,
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µ({xi1, xi3}) = µ({xi2, xi3}) = 0, 7
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f(1) (A1) ≤ f(2) (A1) ≤ f(3) (A1) ,

G,C����
f(1) (A1) = f3(A1) = 1

3
f(2)(A1) = f2(A1) = 6

��"
f(3)(A1) = f1(A1) = 8
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x1(1) =
{

x1(1), x1(2), x1(3)

}

= {x13, x12, x11}
3
µ ({x13, x12, x11}) = 1

x1(2) =
{

x1(2), x1(3)

}

= {x12, x11}
3
µ ({x12, x11}) = 0, 5

x1(3) =
{

x1(3)

}

= {x11} , µ ({x11}) = 0, 45

x1(4) = {∅} , µ ({∅}) = 0
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Cµ (f1(A1), f2(A2), f3(A1))

= f(1)(A1) ·
[

µ
({

x1(1)

})

− µ
({

x1(2)

})]

+ f(2)(A1) ·
[

µ
({

x1(2)

})

− µ
({

x1(3)

})]

+ f(3)(A1) ·
[

µ
({

x1(3)

})

− µ
({

x1(4)

})]

= 1 · (1 − 0, 5) + 6 · (0, 5 − 0, 45) + 8 · (0, 45 − 0) = 4, 4
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